Let X be a Fano manifold. While the properties of the anticanonical divisor −K X and its multiples have been studied by many authors, the positivity of the tangent bundle T X is much more elusive. We give a complete characterisation of the pseudoeffectivity of T X for del Pezzo surfaces, hypersurfaces in the projective space and del Pezzo threefolds. 1
Introduction
Let X be a Fano manifold. While the properties of the anticanonical divisor −K X and its multiples have been studied by many authors, the positivity of the tangent bundle T X is much more elusive. Peternell [Pet12, Thm.1.3] proved that T X is always generically ample, i.e. the restriction T X | C to a general complete intersection of sufficiently ample divisors is ample. On the other hand it is clear that T X will not admit some positive metric as this quickly leads to strong restrictions on the geometry of X, see [Mat18, Thm.1.1], [Iwa18, Cor.1.3] [HIM19, Thm.1.1]. In this paper we will consider a property that is strictly weaker than the aforementioned metric properties:
1.1. Definition. Let X be a projective manifold. We say that the tangent bundle is pseudoeffective (resp. big) if the tautological class c 1 (O P(TX ) (1)) on the projectivised bundle P(T X ) is pseudoeffective (resp. big).
It has been shown by Hsiao [Hsi15, Cor.1.3] that the tangent bundle of a toric variety is big. In general it is difficult to give a numerical characterisation for bigness of the tangent bundle, even in low dimension: if X is a del Pezzo surface, one has H 2 (X, S m T X ) = H 0 (X, K X ⊗ S m Ω X ) = 0 for all m ∈ N by Peternell's result, so by Riemann-Roch h 0 (X, S m T X ) ≥ χ(X, S m T X ) = m 3 (c 2 1 (X) − c 2 (X)) + O(m 2 ). Yet since c 2 1 (X) + c 2 (X) = 12 by Noether's formula, the condition c 2 1 (X) > c 2 (X) is satisfied only for del Pezzo surfaces of degree at least seven, which are all toric. In this paper we give pseudoeffectivity criteria for several families of Fano manifolds. Our first main result settles the case of surfaces:
1.2. Theorem. Let X be a smooth del Pezzo surface of degree d. Then the following holds. Moreover T X is pseudoeffective if and only if H 0 (X, S m T X ) = 0 for some m ∈ N.
It is well-known that smooth del Pezzo surfaces of degree four and five do not admit non-zero vector fields, so the existence of symmetric tensors may be considered as a surprise. Since del Pezzo surfaces of degree five are not toric, Theorem 1.2 gives, to our best knowledge, the first example of a Fano manifold such that the tangent bundle is big, but X is not almost homogeneous. In particular our theorem answers questions of Hsiao [Hsi15, Question 5 .2] and Mallory [Mal20, Rem.5.9 ]. Let us also note that Mallory proved, with completely different techniques, that T X is not big if d ≤ 4 [Mal20, Cor.5.7]. Hosono, Iwai and Matsumura obtained similar results on pseudoeffectivity of the tangent bundle in the metric sense for rational surfaces [HIM19, Prop.4.5, Prop.4.8] . For our proof we use the existence of conic bundle structures to construct divisors in P(T X ) and compute their cohomology class.
We then turn to the case of higher-dimensional Fano hypersurfaces of the projective space. In this case the Picard number is one and the tangent bundle T X is stable which could be seen as an indicator for a stronger connection between the positivity of T X and its determinant −K X . Moreover the theory of Schur functors can be used to compute explicitly the space of global sections of certain twists of the symmetric powers of the tangent bundle.
Building on the work of Brückmann and Rackwitz [BR90] , we obtain partial generalisation of results of Schneider [Sch92] and Bogomolov-de Oliveira [BDO08]:
1.3. Theorem. For n ≥ 2, let X ⊂ P n+1 be a smooth hypersurface of degree d ≥ 3. Then for any integer k ≥ 1, we have H 0 (X, Sym k (T X ⊗ O X (d − 3))) = 0.
In particular we see that none of the symmetric powers of T X has global sections, so certainly T X is not big. For d = 3, the pseudoeffectivity of T X is more delicate, but an intersection computation involving the Segre classes allows to conclude:
1.4. Theorem. For n ≥ 2, let X ⊂ P n+1 be a smooth hypersurface. Then T X is pseudoeffective if and only if d ≤ 2.
This statement does not generalise to Fano manifolds that are complete intersections: del Pezzo surfaces of degree four are anticanonically embedded as a complete intersection of two quadrics in P 4 , but by Theorem 1.2 their tangent bundle is pseudoeffective (see also Remark 4.2). Let us also note that Lehmann and Ottem proved that for a Fano hypersurface of degree d ≥ 3 and dim X ≤ 5, the diagonal ∆ ⊂ X × X is not big [LO18, Thm.1.10], but we do not know if their result can be related to our theorem.
As a first step towards a general theory on higher dimensional Fanos, we consider del Pezzo threefolds with Picard number one. Since these manifolds do not possess any natural fibrations, we consider the notion of total dual VMRT in Subsection 2.B. Total dual VMRT provide a natural construction for divisors in P(T X ) and we introduce a technique to compute their cohomology class. As an application we obtain our last result: 2 1.5. Theorem. Let X be a 3-dimensional del Pezzo manifold, i.e. a smooth Fano threefold such that −K X = 2H where H is a Cartier divisor. Then the following holds.
(a) Assume that X is general in its deformation family if d = 2. Then T X is pseudoeffective if and only if d ≥ 4.
Moreover T X is pseudoeffective if and only if H 0 (X, S m T X ) = 0 for some m ∈ N.
The most striking feature of this statement is its similarity to the surface case (Theorem 1.2), although there is no immediate connection between the two situations: a general element of the linear system |H| is a del Pezzo surface D, but T D is a subbundle of T X | D , so we can not expect any relation between their positivity properties. However, we prove in Lemma 5.3 that the class of the total dual VMRT depends on the number of (−1)-curves in D.
We expect that bigness of the tangent bundle is a rather restrictive property, so it would be very interesting to have a more geometric characterisation. Greb and Wong [GW19] show that the affineness of a canonical complex extension implies that the tangent bundle is big [GW19, Cor.4.4] . Our results indicate that many Fano manifolds do not admit such affine extensions.
Fix H an ample Cartier divisor on X ′ . Let c > 0 be an arbitrary positive number. Since T X is pseudoeffective, we know by Lemma 2.2 that there exist sufficiently divisible positive integers i, j ∈ N such that i > cj and
By the projection formula and the injection constructed above, this implies that
By Lemma 2.2 this shows that T X ′ is pseudoeffective.
Let X be a projective manifold of dimension n, and let α be an R-divisor class on X that is pseudoeffective. By [Bou04, Thm.3.12] we have a divisorial Zariski decomposition
where the D j are prime divisors on X, the coefficients λ j ∈ R + and P is a pseudoeffective class which is modified nef (2) P 2 · H 1 · . . . H m−2 ≥ 0.
2.5. Lemma. Let X be a projective manifold, and let α be a pseudoeffective Rdivisor class that generates an extremal ray R in the pseudoeffective cone. Then α is modified nef or there exists a unique prime divisor D 1 ⊂ X such that R = R + D 1 .
Proof. Let α = D + P be the divisorial Zariski decomposition. Since L generates an extremal ray, we have P = λα and D = (1 − λ)α for some λ ∈ [0, 1]. By uniqueness of the Zariski decomposition we obtain λ = 1 or λ = 0. If λ = 1, then α = P is modified nef. If λ = 0, we have
where D i ⊂ X are the prime divisors appearing in the negative part. Since α generates an extremal ray we have D i = λ i α with i λ i = 1. By [Bou04, Prop.3.11(iii)] the classes of the prime divisors D i are linearly independent, so we obtain α = D = D 1 . Since κ(D 1 ) = 0 by [Bou04, Prop.3.13] the statement follows.
2.6. Corollary. Let X be a projective manifold with Picard number one, and let E → X be a vector bundle. Let α be the unique R-divisor class on X such that ζ + π * α generates an extremal ray in N 1 (P(E)). Then ζ + π * α is modified nef or there exists a unique prime divisor D 1 ⊂ P(E) such that R + (ζ + π * α) = R + D 1 .
2.B.
Dual variety of minimal rational tangents. Let X be a uniruled projective manifold of dimension n. A family of rational curves on X is, by definition, an irreducible component K of RatCurves n (X). Each of these families comes equipped with a commutative diagram:
where U is the normalisation of the universal family over K, the morphism q is a smooth P 1 -fibration and e is the evaluation morphism (see [Kol96, Sect.II.2] for details). Given a point x ∈ e(U), we denote by K x the normalisation of the set q(e −1 (x)), and by U x the normalisation of its fibre product with U over K. We say that the family K is
For the rest of the section we consider a family of rational curves K that is dominating and locally unsplit.
Recall that if x ∈ X is a general point, then K x is smooth. There exists a rational map τ x from K x to P(Ω X,x ), called the tangent map of K at x, sending the general element of K x to its tangent direction at x. It is known that τ x is a finite and birational morphism [HM04] onto a variety C x ⊂ P(Ω X,x ) usually called the variety of minimal rational tangents (VMRT, for short) of K at x. The set
is called the total VMRT associated to K. Let [l] ∈ K be a general member with normalisation f : P 1 → l. Then l is a standard rational curve; that is, we have
A minimal section l of P(T X ) over the minimal rational curve l is a rational curvẽ
corresponding to a quotient f * T X ։ O P 1 . Consider an irreducible component K ⊂ RatCurves n (P(T X )) containing a minimal section l of P(T X ) over l and the corresponding universal familyŨ →K. Then we have a commutative diagram (see [OCW16, § 4 ] for more details):
Prop. 4] With the same notation as above, the variety U is smooth at [ l], of dimension 2n − 3. Moreover, let f : P 1 → l be the normalisation. Then there exists a nonnegative integer c ≤ p such that
The number c will be called the defect of K at l.
2.8. Definition. With the same notation as above, denote byČ the closure of e( U) in P(T X ). The varietyČ is called the total dual VMRT of the family K.
The next result justifies the terminology in Definition 2.8:
2.9. Proposition. [OCW16, Prop. 5, Cor. 5] With the same notation as above, let x ∈ X be a general point. ThenČ x is the projectively dual variety of C x and the dual defect of C x equals to the defect of K at l.
Remark. Let us briefly recall the definition of a projectively dual variety. Let V be a vector space of dimension N + 1, and let X ⊂ P(V ) be a projective variety. We denote by T X,x the tangent space at any smooth point x ∈ X. We can also define the embedded projective tangent space T X,x ⊂ P(V ) as follows:
where Cone(X) ⊂ V is the affine cone over X, v is any non-zero point on the line Cx, and we consider T v,Cone(X) as a linear space (it does not depend on the choice
The closureX ⊂ P(V * ) of the set of all tangent hyperplanes is called the projectively dual variety of X. The dual defect of X is defined as
One of the main tools in this paper is to compute the divisor class of a total dual VMRTČ. This requires to go beyond the definition ofČ as a closure and consider the completion of the family of rational curves: Let K be the normalisation of the closure of K in Chow(X), and denote by q : U → K the normalisation of the universal family and by e : U → X the natural map extending the evaluation morphism. Since a general member of K is a standard rational curve, it is immersed. Thus the set K 0 ⊂ K parametrising immersed rational curves is not empty and the morphism e * Ω X → Ω U → Ω U/K is generically surjective and even surjective on q −1 (K 0 ). Denote by T U/K the dual Ω * U/K → T U . Then, dualising the morphisms above, one gets an exact sequence of sheaves
where G denotes the cokernel. For clarity's sake let us note that T U /K is in general neither saturated in e * T X , nor in T U .
Let P be the unique component of P(G) ⊂ P(e * T X ) dominating U. Denote by π the natural projection P(e * T X ) → U, then we have a Cartesian diagram:
We will now focus on a special case: 2.10. Proposition. With notation as above, assume furthermore that • p = 0 ; • G is locally free in codimension one.
Then we have e * (P ) =Č and
Remark. If p = 0, the morphism e is generically finite, so its degree deg(e) is well-defined. Since U is only assumed to be normal, the first Chern class c 1 (T U /K ) is only the Weil divisor class associated to the reflexive sheaf T U /K . Since pushforwards and flat pullbacks are well-defined for Weil divisor classes, this does not pose any difficulty.
Proof. As p = 0, the dual defect c vanishes by Proposition 2.7 andČ is a divisor. Moreover the evaluation map is étale in a neighbourhood of a standard rational curve l ∈ K, so the cokernel G| l coincides with the quotient defined by the injection T l → f * T X . In particular P(G| l ) is the projective dual corresponding to the point P(Ω l ) ⊂ P(Ω X | l ). This already shows that e(P ) ⊂Č. SinceČ is irreducible we have a set-theoretical equality. Moreover, since the tangent map τ x is birational [HM04] , and C x is finite, it is injective. Thus its projective dual consists of deg(e) hyperplanes and the map P →Č is birational. Thus we have e * (P ) =Č. Since G is locally free in codimension one, the variety P is the only divisorial component of P(G) ⊂ P(e * T X ). Moreover, by restricting the sequence (3) to the locally free locus of G, we obtain
[P ] = c 1 (O P(e * TX ) (1)) − π * c 1 (T U /K ).
Since e * ζ = c 1 (O P(e * TX ) (1)), this yields
[Č] = [ e * P ] = e * c 1 (O P(e * TX ) (1)) − e * π * c 1 (T U /K ) = deg( e)ζ − π * e * c 1 (T U /K ).
Then we conclude by the fact that deg( e) = deg(e).
As an immediate application, one can easily derive the following criterion for bigness of tangent bundle of Fano manifolds with Picard number one.
2.11. Corollary. In the situation of Proposition 2.10, assume that Pic(X) ∼ = ZH with H ample. If −π * e * c 1 (T U /K ) = mH for some m ≥ 0, then T X is not big.
Proof. If T X is big, the class ζ lies in the interior of the pseudoeffective cone of P(T X ). Since this cone is generated by the classes of prime divisors there exists a ε > 0 and λ ∈ N such that the linear system |λ(ζ − επ * H)| contains a prime divisor D. Letl ⊂ P(T X ) be a minimal section, then D ·l < 0. Thus the minimal sections are contained in D. Since p = 0, the total dual VMRTČ is dominated by minimal sections. Thus one obtains D =Č. Yet, by Proposition 2.10 this contradicts m ≥ 0.
While the first condition in Proposition 2.10 is rather straightforward, the second condition is more technical. It can be verified easily in two cases:
2.12. Remark. In the situation of Proposition 2.10, suppose that K is an unsplit dominating family of minimal rational curves. Then we have K = K and Ω U/K = Ω U /K is locally free. In particular, T U /K is locally free and the locus where G is not locally free corresponds to the points where the tangent map of
is not injective. By generic smoothness this locus has codimension at least one in l. Since a general minimal rational curve is immersed, it is empty for [l] ∈ K general. Thus the locus where G is not locally free has codimension at least two in U.
2.13. Corollary. Let X be a projective manifold admitting a conic bundle structure f : X → Y over a projective manifold Y . Denote byČ the total dual VMRT associated to the fibres of f . Then we have
Proof. The fibres of f define a dominating, locally unsplit family with p = 0, moreover we are in the special case where U = X and K = Y . Yet a conic bundle has reduced fibres in codimension one [Sar82, Prop.1.8.5], so Ω * X/Y is a subbundle of T X in codimension one and we have
Moreover, the quotient G is locally free in codimension one. Thus, we conclude by applying Proposition 2.10.
del Pezzo surfaces
Let X be a smooth del Pezzo surface of degree d ≥ 3. Then the anticanonical divisor −K X is very ample and defines an embedding X ֒→ P(H 0 (X, −K X )).
Since −K X is the restriction of the hyperplane class, a line (resp. conic) on X is simply a smooth rational curve C such that −K X · C = 1 (resp. −K X · C = 2). By adjunction a line on X is a (-1)-curve, while a conic has C 2 = 0. In particular it defines a basepoint-free pencil, so every conic on X induces a conic bundle structure f : X → P 1 . In this section we will use classical geometry to describe the total dual VMRT associated to these conic bundles. Theorem 1.2 will be an immediate consequence of these computations. The following result is well known for experts, we include a complete proof for the reader's convenience.
3.1. Lemma. Let n be a positive integer. Then the vector bundle (∧ r Ω P n )(r + 1) is globally generated for 0 ≤ r ≤ n. In particular, if X ⊂ P n be a submanifold of dimension m ≥ 1, then T X (m) ⊗ O X (K X ) is globally generated.
Proof. For simplicity, let us denote ∧ r Ω P n by Ω r P n and denote the vector bundle O P n (1) ⊕(n−1) by E. Let l ⊂ P n be an arbitrary projective line. Then we have the following twisted Koszul complex (see for instance [Laz04a, Appendices, B.2])
By Bott's formula, for any 1 ≤ j ≤ n − 1, we have H j (P n , Ω r P n (r + j + 1)) = 0. As a consequence, the associated spectral sequence shows that the restriction
Since Ω r P n (r + 1)| l is globally generated and l is arbitrary, it follows that Ω r P n (r + 1) itself is globally generated. Finally, since X is a submanifold of P n , we have a surjection Ω m−1
. Now the last assert follows immediately from the duality Ω m−1
As a consequence, we have the following description of the nef cone of P(T X ) for X being a smooth cubic hypersurface.
3.2. Corollary. Let X ⊂ P n+1 be a smooth cubic hypersurface of dimension n ≥ 2. Then ζ + π * H is nef, where H is a hyperplane section of X. Moreover, if n ≥ 3, then the nef cone of P(T X ) is generated by π * H and ζ + π * H.
Proof. Since X is an n-dimensional smooth cubic hypersurface, we have O X (K X ) ∼ = O X (−n + 1). By Lemma 3.1 above, the vector bundle T X (1) is globally generated. In particular, ζ + π * H is nef. On the other hand, note that there exist lines of second type on X, i.e. a projective line l ⊂ X such that
Let l ⊂ P(T X | l ) be the section corresponding to the quotient T X | l → O P 1 (−1). Then we have (ζ + επ * H) · l = −1 + ε. In particular, ζ + επ * H is nef only if ε ≥ 1. If n ≥ 3, then we have ρ(P(T X )) = 2 and the result follows immediately.
3.A. Cubic surfaces.
Let X be a smooth del Pezzo surface of degree 3. Then X is isomorphic to a smooth cubic surface in P 3 with −K X a hyperplane section. Moreover, it is well known that X contains exactly 27 lines, namely E i (i = 1, . . . , 27). Given a line l := E i we can find a MMP, i.e. birational morphism X → P 2 such that X is the blow-up of six general points p 1 , . . . , p 6 and l is the exceptional divisor over p 1 . Anticanonical divisors on X correspond to cubics in P 2 passing through the points p 1 , . . . , p 6 . The union of the strict transform of a conic passing through p 1 , . . . , p 5 and the strict transform of a line passing through p 1 and p 6 defines an effective divisor linearly equivalent to −K X − l. Since this effective divisor identifies to two concurrent lines (via the embedding X ֒→ P 3 ) one verifies immediately that −K X − l is nef and (−K X − l) 2 = 0. A Riemann-Roch computation now shows that the the complete linear system | − K X − l| is base point free and defines a conic bundle structure f l : X → P 1 , whose fibres are the members in | − K X − l|. Since −K X is ample and has degree two on the fibres, the fibration f is a conic bundle. Since X is smooth, the fibration has no multiple fibres (apply [BHPVdV04, III, Lemma 8.3]). Since ρ(X) = 7, the fibration thus has exactly 5 singular fibres, each consisting of a pair of concurrent lines.
The divisor classes
..,27 are linearly independent, so we obtain in this way 27 distinct conic bundle structures f i : X → P 1 .
3.3. Proposition. Let X be a smooth cubic surface. Then T X is not pseudoeffective.
Remark. Slightly weaker statements are shown in [Mal20, Thm.5.2] and [BDO08] .
Proof. Let E i be one of the 27 lines on X, and denote by f i : X → P 1 the corresponding conic bundle structure. Since f i has no multiple fibres, we know by Corollary 2.13 that the class of the associated total dual VRMT is
Step 1. We claim that for every
Recall that c 1 (X) 2 = 3 and c 2 (X) = 9, so we have ζ 3 = c 1 (X) 2 − c 2 (X) = −6. By Lemma 3.1 we know that the class ζ + π * H is nef. Since
Step 2. Conclusion. Arguing by contradiction we assume that ζ is pseudoeffective. By what precedes we know that ζ|Č i is not pseudoeffective, so [Č i ] appears in the negative part of the divisorial Zariski decomposition
where c j > 0 and P is the positive part, in particular P | D is pseudoeffective for every prime divisor D ⊂ P(T X ). Up to renumbering we can assume without loss of
Since l is a mobile curve we have reached a contradiction. (a) There exist five pairs of pencils of conics |C i | and |C ′ i | such that 
. By Proposition 3.4 this implies that
Arguing by contradiction we assume that T X is big. Then there exist positive integers a, b and an effective divisor D ⊂ P(T X ) such that
We can assume without loss of generality that for a given b ∈ N, we have chosen a ∈ N minimal with this property. For each i ∈ {1, . . . , 5}, the total dual VMRTs [Č i ] and [Č ′ i ] are dominated by rational curves B such that ζ · B = 0 (see the construction of minimal sections in Subsection 2.B). Since (aζ + bπ * K X ) · B = −2b < 0, it follows thatČ i andČ i are contained in the support of D. In particular, we have
Yet this contradicts the minimality of a.
Remark. Since the anticanonical class of P(T X ) is 2ζ, Proposition 3.5 shows that for a del Pezzo surface of degree four, the variety P(T X ) has an effective (reducible) anticanonical divisor. In fact much more is true: the anticanonical system contains smooth elements S ⊂ P(T X ), these are K3 surfaces of degree 8. The base locus of −K P(TX ) consists exactly of the 16 curves l ′ i defined by quotients T X | li → O P 1 (−1) where l i ⊂ X is a line in X. These 16 curves are disjoint, so every smooth member of the anticanonical system is a K3 surface of Kummer type (see [Dol12, Remark 8.6 .9] for some classical constructions).
3.C. Del Pezzos of degree five. Let X be a smooth del Pezzo surface of degree 5, and let µ : Y → X be the blow-up at a general point x ∈ X. Then Y is a del Pezzo surface of degree four, and the exceptional divisor E is a line (via the embedding Y ֒→ P 4 ). By Proposition 3.4, for every pair of pencils of conics on Y , namely |C i | and |C ′ i |, there exists exactly one which contains E as a component of one of its degenerate members. We may assume that it is |C i |, then the push-forward is a pencil of conics |C i | on X. Thus we obtain five distinct pencils of conics on X. Since X is the blow-up of P 2 in four general points, it is classically known that its conics arise as strict transforms of lines passing through one point or smooth conics passing through the four points. In particular if C i and C j are conics belonging to distinct pencils, we have C i · C j = 1. With this information in mind an intersection computation shows that
3.6. Proposition. Let X be a smooth del Pezzo surface of degree 5. Then there exists an effective divisor D ⊂ P(T X ) such that D ∼ 5ζ + π * K X . In particular T X is big.
Proof. Denote by f i : X → P 1 the conic bundle structures defined by one of the five pencils of conics |C i |. By Proposition 3.4 the conic bundle structures have no multiple fibres, so by Corollary 2.13 the class of the total dual VMRTČ i is ζ + π * (K X + 2C i ). By Equation (6) this implies that
is pseudoeffective. Since −K X is ample, Lemma 2.3 shows that ζ is big. 
Indeed we are exactly in the limit case where Schneider's theorem does not apply (we have 2 = n = N 2 and k = m = 2). This explains the difference between hypersurfaces and complete intersections of higher codimension.
Theorem.[BDO08,
Theorem B] Let X ⊂ P n+1 be a smooth hypersurface of degree d ≥ 3. If n ≥ 2, for any positive integer k, we have
In particular, if X ⊂ P 3 is a smooth surface of degree d, using the natural duality T X ∼ = Ω X ⊗ K * X ∼ = Ω X (4 − d), we have the following vanishing theorem: 4.4. Corollary. Let X ⊂ P 3 be a smooth surface of degree d. If d ≥ 3, then we have H 0 (X, Sym k T X ⊗ O X (m − 4k + dk)) = 0. for any integers m, k with k ≥ m and k > 0, or equivalently, for any k > 0, we have
Proof. The first statement is clear from Theorem 4.1 and Theorem 4.3. For the second statement, it is enough to note that for any integer m < k, the sheaf
We aim, in this section, to show that the vanishing theorem above still holds for smooth hypersurfaces of higher dimension. Let us first recall some basic facts about Schur functors, and we refer the reader to [FH91, Lecture 4 -6] for more details. A partition of a positive integer n is a sequence µ = (µ 1 , µ 2 , ..., µ m ) of non-negative integers in decreasing order:
For each partition µ of n, we can associate µ with a Young diagram with µ i boxes in the i-th row and we call such a Young diagram is of shape µ. For example, the partition µ = (4, 3, 1) corresponds to the following Young diagram:
Inscribing the integers 1, 2, .., n into the empty cells (in any order) of the Young diagram of shape µ, we obtain a Young tableau T . Let S n be the symmetric group of degree n. We introduc the following two subgroups of S n : P = {g ∈ S n | g preserves each row of T } and Q = {g ∈ S n | g preserves each column of T }.
Denote by C[S n ] the group algebra of S n and let e g be the element in C[S n ] corresponding to g. Then we can define the following two elements in C[S n ]: Now we consider the case where m = n − 1. As dim(∧ n−1 V ) = n, we obtain dim(Sym k (∧ n−1 V )) = n + k − 1 n − 1 .
On the other hand, by [FH91, Theorem 6.3], we have
This finishes the proof.
Theorem 1.3 is a direct consequence of Lemma 4.7 and a vanishing theorem for T -symmetric tensor forms due to Brückmann and Rackwitz [BR90] .
Proof of Theorem 1.3. We first note that there exists a natural isomorphism
Thus, by Lemma 1.3 above, for any positive integer k, we have
where µ(n − 1) is the partition (k, . . . , k) with weight (n − 1)k. As d ≥ 3, thanks to [BR90, Theorem 4 (iii)], we have H 0 (X, S µ(n−1) Ω X ⊗ O X (p)) = 0 for p ≤ (n − 1)k, which is exactly the desired vanishing theorem.
4.B.
Smooth cubic hypersurfaces. While Theorem 1.3 is sufficient to show that the tangent bundle of a hypersurface of degree d is not pseudoeffective if d ≥ 4, the case of cubics needs some additional arguments. The following result gives the Segre classes of hypersurfaces in projective spaces.
4.8. Lemma. For n ≥ 1, let X ⊂ P n+1 be a smooth hypersurface of degree d. Then for 1 ≤ l ≤ n, the Segre class s l (T X ) is given by
where H is the hyperplane class on X.
Proof. By [EH16, Proposition 10.3], we have
Thus the Segre class s l (Ω X ) is equal to the term of degree l in the right-hand side. Then a straightforward computation shows that the coefficient of H l is equal to
Finally the result follows from the fact that s l (T X ) = (−1) l s l (Ω X ).
4.9. Proposition. Let X ⊂ P n+1 be a smooth cubic hypersurface with n ≥ 3. Then we have (7) ζ 2 · (ζ + π * H) 2n−3 = −3 2 · 2 n 8(2n − 1)(n + 1) 2n n .
In particular, by (2), the class ζ is not modified nef.
Proof. Note that we have
Since (π * H) i · ζ 2n−i−1 = (−1) n−i s n−i (T X ) 1 , we obtain by Lemma 4.8 that
Thus the result follows immediately from the following claim:
Claim. Let n be a positive integer ≥ 3. Then we have 
Proof of the claim. We give a complete proof of (8) and the same argument can be easily modified to prove (9), so we leave the details to interested reader. For n = 3 and 4, a straightforward computation shows that the values on both sides of (8) are 96 and 681, respectively. Thus we may assume that n ≥ 5.
For 0 ≤ i ≤ n, we claim that the following identity holds:
In fact, for i = 0 and n, it follows from the definition. For 1 ≤ i ≤ n − 1, note that we have 2n − 3 i
Therefore, to prove (8), it suffices to prove that the following identity holds:
On the other hand, since
we can apply the formula given in Lemma 4.10 below to check (10) directly.
4.10. Lemma. Let n ∈ Z >0 be a positive integer and let k ∈ Z ≥0 be a non-negative integer. We define
Then
n 2 · 2 n n! k = 1; n(n + 1) 4 · 2 n n! k = 2;
n 2 (n + 3) 8 · 2 n n! k = 3; n(n + 1)(n 2 + 5n − 2) 16 · 2 n n! k = 4.
Proof. For n = 1, one can easily check the result by a straightforward computation. Moreover, for k = 0, it follows from the following simple observation
On the other hand, by the definition of A(k, n), for any pair (k, n) with k positive, we note that the following relation holds:
Then we can conclude by an easy inductive argument.
We can finally conclude the case of hypersurfaces: otherwise we can find a divisor D ∈ |H| that does not contain l, so D · l = H · l = 1 gives a contradiction. Thus we have H 0 (X, I x ⊗ O X (H)) = 2, and H · l = 1 implies that l is contained in the base locus of the pencil |I x ⊗ O X (H)|. Since H 3 = 1 we obtain that l coincides with the base locus, in particular it is a complete intersection of two fundamental divisors D 1 , D 2 ∈ |I x ⊗ O X (H)|. By adjunction we see that ω l ≃ O l , so l is isomorphic to a singular plane cubic (see also [KPS18, Remark 2.1.3]). Let Σ(X) be the Hilbert scheme of lines of X. Let Σ 0 be an irreducible component of Σ(X) and consider the reduced scheme structure on Σ 0 . Since −K X · l = 2 we know by [Kol96, II,Thm.1.15] that Σ 0 has dimension at least two. Restricting to Σ 0 the universal family of lines, we obtain a diagram:
Let X be a smooth del Pezzo threefold with ρ(X) = 1. Then every irreducible component of Σ(X) has dimension two and its general point corresponds to a free rational curve. In particular, every irreducible component of Σ(X) is generically smooth. Moreover, the map e : L 0 (X) → X is surjective and generically finite. Proof. We can assume that d = 1, we will follow the arguments of [KPS18] . Let Σ 0 be an irreducible component of Σ(X). Assume that a line corresponding to a very general point of Σ 0 is not free, in particular e is not surjective [Deb01, Prop.4 .14].
Since k := dim(Σ 0 ) is at least two, we see that S = e(L 0 (X)) is a surface. Let n : S ′ → S be the normalisation. Then dim(Σ(S ′ )) ≥ 2, where Σ(S ′ ) is the Hilbert scheme of lines on S ′ with respect to n * H. Then we obtain S ∼ = P 2 by [Keb02, Thm.3.5, Thm.3.6]. As a consequence, n * H is a hyperplane section of P 2 ; that is, H 2 · S = 1. Thus S is an element in |H|. Let µ : X → P(1, 1, 1, 2) be the double cover defined by |2H| (see Section 5.B.1). Then µ(S) ∼ = P(1, 1, 2) and S → µ(S) is a double cover. In particular, the induced morphism µ ′ : P 2 → P(1, 1, 2) is a double cover with (µ ′ ) * O P(1,1,2) (2) ∼ = O P 2 (2). Let i : P(1, 1, 2) → P 4 be the inclusion defined by |O P (1,1,2) (2)|. Then we have the following commutative diagram:
where Φ : P 2 → P 5 is the Veronese embedding and π is a projection from a point p ∈ P 5 \ Φ(P 2 ). Denote by V the image Φ(P 2 ). Then the restriction π| V : V → π(V ) is birational and π(V ) ⊂ P 4 is a surface of degree four (see [BCGM09, p. 366, 10.5.5] for details). Nevertheless, as µ ′ is of degree two by the construction, we obtain a contraction. Hence, a general line in Σ 0 is free. As a consequence, Σ 0 is twodimensional and generically smooth (see [KPS18, Corollary 2.1.6]).
By Lemma 5.1 every line on X belongs to a an unsplit family K ⊂ Chow(X) of minimal rational curves. Denote by F (X) the closed subset of the Chow variety parametrising lines. By what precedes we know that F (X) has pure dimension two, moreover F (X) is irreducible if 3 ≤ d ≤ 5 [Sha99, Proposition 3.5.6 and 3.5.8] or 1 ≤ d ≤ 2 and X is general in its deformation family ([Tik81] for d = 1 and [Tih80, Wel81] for d = 2). Let K ⊂ F (X) be an irreducible component. Let q : U → K be the normalisation of the universal family, and denote by e : U → X the evaluation morphism. The evaluation morphism is generically finite, and we set k := deg(e).
Let D ∈ |H| be a general divisor. We set (11) r := #{[l] ∈ K | l ⊂ D}.
5.2.
Remark. Let us recall that every (−1)-curves in D is a line. Moreover if d ≥ 2, then, since −K D · l = 1 and l is smooth [KPS18, Lemma 2.1.1], every line l ⊂ D is a (−1)-curve.
We come to the key lemma of this section:
5.3. Lemma. Let X be a smooth del Pezzo threefold of degree d such that Pic(X) ∼ = ZH. Denote byČ the total dual VMRT associated to the unsplit family of rational curves K. Then one has
Proof. Using the notation of Section 2.B, we have p = 0. By Remark 2.12 we are in the situation of Proposition 2.10. Since the family of rational curves in unsplit, we have U = U and e =ē. Thus we only have to show that −e * c 1 (T U /K ) = r d − k H.
We will use an argument inspired by [CG72, Sect.10]: the pull-back e * O X (H) is a nef and big line bundle on U that has degree one on the q-fibres. Thus we have
where V := q * (O X (H)) and e * H identifies to the tautological divisor on the projectivised bundle P(V ). Thus we have (12) c 2 1 (V ) − c 2 (V ) = (e * H) 3 = deg(e)H 3 = k · d. Let now D ∈ |H| be a general element, and denote by D ′ ⊂ P(V ) its preimage. We claim that D ′ is irreducible. For the proof of the claim we make a case distinction: 1st case. Assume that d ≥ 2, so |H| is basepoint-free. Since the linear system e * |H| is basepoint-free, the divisor D ′ is smooth by Bertini's theorem. Since it is nef and big, it is connected. 2nd case. Assume that d = 1, so |H| has a unique basepoint p. Since the base locus of the linear system e * |H| is the preimage of the point p, and e −1 (p) has dimension at most one, we see that there are no fixed components. Moreover, since e * |H| is not composed with a pencil, a general member of the linear system is irreducible, so D ′ is irreducible. The map D ′ → K is birational since e * H has degree one on the q-fibres. Moreover [l] ∈ K is in the image of the exceptional locus of D ′ → K if and only if the corresponding curve l ⊂ X is contained in D. Thus, using the notation introduced above, the number of exceptional curves is equal to r. Since the divisor D ′ can also 20 be considered as a rational section of P(V ) → K induced by a section s ∈ H 0 (K, V ) that does not vanish in codimension one, we obtain that
Combined with (12) we obtain c 2 1 (V ) = k · d + r. By the projection formula this implies
Since Pic(X) ∼ = ZH, we have e * q * c 1 (V ) = mH for some m ∈ N. By the preceeding computation we have
We are finally ready for the conclusion: since U ∼ = P(V ) we have
Since c 1 (O P(V ) (1)) = e * H we obtain −e * (c 1 (T U /K )) = −2kH + e * q * c 1 (V ) = (−2k + m)H.
Conclude with (13).
As an immediate application, one can easily derive the total dual VMRT of del Pezzo threefolds of low degree:
5.4. Theorem. Let X be a smooth del Pezzo threefold of degree d ≤ 5 such that Pic(X) ∼ = ZH. If F (X) is irreducible, the class [Č] of the total dual VMRT of X is given by the following If F (X) is reducible (in particular d = 1 or d = 2), denote by (K i ) i=1...l its irreducible components, and by [Č i ] the corresponding total dual VMRTs. Then the following holds:
Remark. We do not know if there are del Pezzo threefolds such that F (X) is reducible. However the irreducibility seems to be known only in the case where X is general in its deformation family.
Proof. We will use the notation of Lemma 5.3. By the lemma the statement reduces to computing the numbers r and k. 1st case. F (X) is irreducible. If d ≥ 2, then r is the number of (−1)-curves in a general hyperplane section D (see Remark 5.2). If d = 1, then r is at least the number of (−1)-curves in D. This number is known for every degree d, see [Dol12, Table 8 .1].
d 1 2 3 4 5 number of (−1)-curves 240 56 27 16 10
We will compute k case-by-case: If d = 1, the manifold X is a sextic in the weighted projective space P (3, 2, 1, 1, 1) . By [HK15, Prop.6.7, Prop.4.7] the VMRT is a complete intersection of degree (4, 5, 6) in V (U, Q), which is an open subset of P(1, 1, 1, 2) (see [HK15, Notation 3.8] ). Thus we have k = 60. If d = 2, the manifold X is a double cover of P 3 ramified along a quartic [Sha99, Thm.3.3.1]. By [HK13, Thm.1.1], the degree of the evaluation map is k = 12. For d = 3, the manifold X is isomorphic to a smooth cubic hypersurface in P 4 . By [CG72] we have k = 6. For d = 4, the manifold X is isomorphic to a smooth complete intersection of two quadrics in P 5 . Then we have k = 4 [CZ19, Example 4.3]. For d = 5, the manifold X is isomorphic to a linear section of Gr(2,5) ⊂ P 9 . Since the VMRT of Gr(2,5) is isomorphic to the Segre embedding of P 1 × P 2 in P 5 , the VMRT of X is isomorphic to a linear section of P 1 × P 2 . As a consequence, we have k = 3 (see also for instance [FN89, Lemma 2.3 (1)]). 2nd case. F (X) is reducible. Denote by k i the degree of the evaluation map corresponding the component K i and by r i the number defined in (11). Since every (−1)-curve on D belongs to one of the families K i , we have l i=1 r i = r where r is at least the number given in Table 5 .A (cf. Remark 5.2). Note also that l i=1 k i is the number of lines passing through a general point of X. We claim that this number is an invariant in the deformation family. Assuming this for the time being, let us show how to conclude : by Lemma 5.3 we have
Since l i=1 k i is invariant in the deformation family, we know its value from the case where F (X) is irreducible. Proof of the claim. If X → ∆ is a smooth family of del Pezzo threefolds, and f : ∆ → X is a section passing through a very general point of the central fibre X 0 , denote by V the union of the irreducible components of the space RatCurves n (f, X /∆) [Kol96, II,(2.11.2)] that parametrise lines. Since lines have minimal degree with respect to the polarisation, V is proper and finite over ∆. Moreover, since a very general point is in the free locus of X 0 , it follows from [Kol96, II, Thm.1.7] that V → ∆ is smooth. Thus the number of preimages of V → ∆ does not depend on t ∈ ∆. 5.5. Remark. One can also use the detailed description of the universal family of lines on X to get the same result: for d = 3, by [CG72], we have V ∼ = Ω F (X) and K 2 F (X) = 45; for d = 5, by [FN89] , F (X) is isomorphic to P 2 and det(V ) ∼ = O P 2 (5). 5.6. Corollary. Let X be a smooth del Pezzo threefold of degree d ≤ 2 such that Pic(X) ∼ = ZH. Then T X is not big.
Proof. If F (X) is irreducible, we simply apply the first part of Theorem 5.4, and Corollary 2.11. If F (X) is reducible, we know by the second part of Theorem 5.4 that we can choose one irreducible component K i ⊂ F (X) such that the corresponding total dual VMRTČ i has class [Č i ] = eζ + mπ * H for some m ≥ 0. Thus Corollary 2.11 still applies. 5.B. Projective geometry of del Pezzo threefolds. The general technique developed in the previous subsection allows us to decide whether T X is big or not. The pseudoeffectivity of T X in the cases d = 1 and d = 2 will require a more detailed treatment. We start with a technical lemma: 5.7. Lemma. Let X be a smooth del Pezzo threefold of degree d such that Pic(X) ∼ = ZH. Then we have
Proof. Since X is a Fano manifold, by Kodaira vanishing, we have h i (X, O X ) = 0 for i ≥ 1. Thus, by our assumption and using the Hodge decomposition, we get b 1 (X) = 0 and b 2 (X) = ρ(X) = 1. On the other hand, it is well-known that the degree of the top Chern class is equal to the topological Euler characteristic, i.e.,
Moreover by Riemann-Roch in dimension three one has 24χ(X, O X ) = −K X · c 2 (X) = 2H · c 2 (X).
Thus we have H · c 2 (X) = 12. Since the ramification divisor of the double cover is isomorphic to S, we will identify µ −1 (S) with S. The restriction of the cotangent map composed with the canonical map Ω X • | S → Ω S gives a surjective map
Thus the second exterior power of the cotangent map
has degree one along S and its image identifies to K S . The kernel of Ω X | S → Ω S is isomorphic to O S (−S), so we obtain a canonical splitting
. Using this canonical splitting, we have a canonical quotient T X | S → T S which allows us to consider P(T S ) as a subvariety of P(T X | S ).
Proposition
. Let X be a smooth del Pezzo threefold of degree one. Then the following statements hold:
(a) there exists an irreducible divisor D ∈ |ζ + π * H|; (b) the base locus of |ζ + 2π * H| is contained in P(T S ) ∪ F ; (c) the base locus of |(ζ+3π * H)| P(TS) | has dimension at most one. In particular, the restriction of (ζ + 3π * H) 2 to any codimension two subvariety is pseudoeffective; 
Proof. In what follows we will frequently use that, since X is smooth and codim(X \ X • ) = 3, one has
We consider the cotangent map µ * Ω W • → Ω X • . Since −K W = 5A by [BR86] and µ * A = H, taking the second exterior power yields an injective morphism
that is an isomorphism in the complement of S. Moreover, by the discussion preceding Proposition 5.8 the restriction
has image K S (5H).
We have the following weighted Euler sequence
Proof of (a) Twisting (18) with O W • (−2) yields a non-zero map
Moreover, from the construction of the Euler sequence, one can easily see that the map α is of rank one everywhere. The composition of α with the morphism (16), twisted with −2H, gives a morphism
that has rank one in the complement of S. Let D ∈ |ζ + π * H| be the element corresponding to the section α (extended to X). Sinceα has rank one in the complement of S ∪p, and F = π −1 (p) has codimension three in P(T X ), the divisor D is irreducible in the complement of P(T X | S ). Thus, if D is reducible, then it contains the divisor P(T X | S ). However, note that the class of [P(T X | S )] in Pic(P(T X )) is 3π * H. Proof of (c) Since S is a smooth weighted hypersurface of degree six in W that does not contain the vertex, the natural morphism γ : S → P 2 induced by the projection W P 2 from the vertex is a finite morphism of degree three. By Lemma 3.1, the vector bundle Ω P 2 (2) is globally generated. The cotangent map γ * Ω P 2 → Ω S twisted with 2H shows that Ω S (2H) is globally generated in the complement of the ramification locus C of γ. Moreover, since the cotangent map has rank one in a general point of C, the global sections generate a subsheaf of rank at least one along C. Denote by π S : P(T S ) → S the projectivisation, and by ζ S → P(T S ) the tautological class. Since T S ∼ = Ω S (−H), the preceding paragraph shows that T S (3H) is globally generated in the complement of C and the base locus of ζ S + π * S (3H) does not contain any divisor. Since the restriction of ζ to P(T S ) is ζ S , this shows the first statement. For the proof of the second statement, let Λ ⊂ P(T X ) be an arbitrary subvariety of codimension two. By our argument above, we may assume that Λ = P(T S ).
Since the base locus of |ζ + 2π * H| is contained in P(T S ) ∪ F by (b), it follows that there exists an effective element Γ ∈ |(ζ + 2π * H)| Λ |. Let Γ = a i Γ i be the decomposition with Γ i irreducible, reduced and pairwise distinct 2-cycles. If Γ i is not contained in P(T S ) ∪ F , then (ζ + 2π * H)| Γi is pseudoeffective by (b). If Γ i is contained in P(T S ), then the restriction (ζ + 3π * H)| Γi is pseudoeffective as the base locus of |(ζ + 3π * H)| P(TS) | has dimension at most one. If Γ i is contained in F , then Γ i = F and therefore ζ| F = c 1 (O P 2 (1)) is ample. Hence we obtain that ((ζ + 2π * H) · (ζ + 3π * H))| Λ is pseudoeffective. Proof of (d) By (b) and (c) we know that ζ + 4π * H is nef if its restriction to P(T S ) is nef. Yet T S (4H) ∼ = Ω S (3H) ∼ = Ω S (3A), so it is sufficient to show that Ω S (3A) is globally generated. Yet this is clear since
is globally generated. Proof of (e) Finally assume that X is general in its deformation family. By [Tik81, Proposition 2.1 and (1.2.7)], the curve C is smooth, irreducible and O S (C) ∼ = O S (4H). By b) the non-nef locus of ζ + 3π * H is contained in P(T S | C ) := Π C . By [Tik81, Proposition 5.1], there exists an irreducible smooth divisor D on P(Ω S | C ) such that
where π : P(Ω S | C ) → C is the natural projection. Using the duality Ω S ∼ = T S (H), the class of D on Π C = P(T S | C ) is (ζ − 2π * H)| ΠC . In particular, the non-nef locus of (ζ − 2π * H)| ΠC is contained in D. On the other hand, on P(T X ), note that we have [P(T S )] = 3H · (ζ − 3π * H), [Π C ] = 12H 2 · (ζ − 3π * H).
Then an easy computation using (15) shows that the intersection number (ζ + 3π * H) · D = 0. Hence, ζ + επ * H is nef if and only if ε ≥ 3.
5.10. Corollary. Let X be a smooth del Pezzo threefold of degree one. Then T X is not pseudoeffective.
Proof. Arguing by contradiction we assume that ζ is pseudoeffective. By Corollary 2.11 we know that ζ is not big, so it generates an extremal ray in the pseudoeffective cone of P(T X ). By Corollary 2.6 this implies that either ζ is nef in codimension one or represented by an irreducible divisor D 1 . By Proposition 5.8,a) there exists an irreducible divisor in D 2 ∈ |ζ + π * H|. Since ζ is nef in codimension one or represented by an irreducible divisor D 1 = D 2 , the intersection product D 1 · D 2 is a pseudoeffective codimension two cycle. Since, by Proposition 5.8,c) the restriction of (ζ + 3π * H) 2 to any codimension two cycle is pseudoeffective and, by Proposition 5.8,d), the divisor ζ + 4π * H is nef, we obtain D 1 · D 2 · (ζ + 3π * H) 2 · (ζ + 4π * H) ≥ 0.
Yet a straightforward computation using (15) shows that the intersection product is −11, a contradiction. On the other hand, note that ζ + 3 2 π * H is nef if ζ + ( 3 2 + ε)π * H is ample for any rational numbers 0 < ε ≪ 1. Since ampleness is an open property, it follows that ζ + 3 2 π * H is nef for S general in the deformation family. Let X be a smooth del Pezzo threefold of degree two. Then X is a double cover µ : X → P 3 such that µ * O P 3 (1) ∼ = O X (H) and the branch locus of µ is a smooth quartic surface S ⊂ P 3 , see [Sha99, Theorem 3.3.5]. Since the ramification divisor of the double cover is isomorphic to S, we will identify µ −1 (S) with S. The restriction of the cotangent map composed with the canonical map Ω X | S → Ω S gives a surjective map µ * Ω P 3 | S → Ω X | S → Ω S . Thus the second exterior power of the cotangent map µ * (∧ 2 Ω P 3 ) → ∧ 2 Ω X has degree one along S and its image identifies to K S .
